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Fig. 3 Surface pressure distribution of turbulent flow past 2.5- and
4.25-deg expansion corners at Mach 8.
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Fig. 4 Downstream influence in turbulent flow past expansion cor-
ners.

counterparts. These facts have to be borne in mind when
comparing data obtained at low and high Mach numbers.

Downstream Influence Scaling

The mean surface pressure distribution for the two test
cases, normalized by a static pressure measured 2.68, up-
stream of the corner, are plotted in Fig. 3 against X = x/&,,
where x is the streamwise surface coordinate centered at the
corner and 9§, is the undisturbed boundary-layer thickness at
the corner location. Also shown in this figure are the inviscid
pressure distributions for an incoming Mach 8 flow. No up-
stream influence of the corner is detected, an observation
consistent with previous turbulent studies.’-* This is unlike
laminar flows where the corner exerts an upstream influ-
ence.>!® The measured pressures approach the downstream
inviscid values some distance Xp = xp/8, from the corners,
although adequate downstream data could not be obtained
due to model limitations. (The pressure decay should strictly
be asymptotic to the downstream inviscid value.) The ‘‘down-
stream influence”’ of the corner xp was estimated as that from
the corner to the intersection of the tangent through the down-
stream pressure data with the inviscid downstream pressure as
depicted in Fig. 3. The present data show that the larger the
corner angle, the stronger the expansion, and thus the longer
the downstream influence.

It was thought that the downstream influence depends pri-
marily on an inviscid parameter characterizing the expansion
process, namely K.!! Therefore, the downstream influence
data are plotted together with data extracted from previous
investigations in Fig. 4. Bloy’s data' showed excessive scatter
and are included simply to reveal the trend of X, with higher
values of K. The collapse of data from Mach 1.76-8 supports
the validity of K as a scaling parameter, at least for xp up to
K = 1 where reliable data exist. This validity is particularly
striking between the fairly good collapse of Dussauge and
Gaviglio’s® downstream influence with one of the present test
cases for approximately the same value of K. It can also be
seen from Fig. 4 that the surface pressure of weak expansions
reaches the downstream inviscid value quickly. These weak
conditions can be achieved at low supersonic Mach numbers

even for considerably large corner angles as in the case of
Dussauge and Gaviglio.’ In the past, this has led to the conclu-
sion that the surface pressure reaches the downstream inviscid
value in a distance of about one incoming boundary-layer
thickness.?
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Flow of Rarefied Gas past
a Liquid Sphere

Masatugu Tomoeda*
Kumamoto Institute of Technology,
Kumamoto 860, Japan

Introduction

HE slow flow past a liquid drop has been studied by

many authors because of its fundamental importance in
engineering applications. In particular, the rarefied gas flow
past a liquid drop will be encountered in various processes
such as extraction and atomization of small liquid particles
whose characteristic lengths are relatively small compared
with the molecular mean free path of the surrounding gas. For
very small values of the Weber number, W, = p,du2/o, where
P and u, are the uniform flow density and velocity, and d
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and ¢ are the characteristic length and surface tension of the
drop, respectively, the drop will be spherical and then de-
formed into an oblate spheroid with an increase in W,.

In this Note, we consider a perfectly spherical drop that is
placed in the unbounded slow flow of rarefied gas in the
near-continuum regime. In comparison with the flow past a
solid sphere, the flow under consideration is solved together
with the internal circulating motion of the liquid itself induced
by the frictional forces acting at the sphere surface.

Mathematical Analysis

Figure 1 shows the geometric configuration of the flows,
both inside and outside the sphere, in which the flows are
assumed axisymmetric so that flow properties such as the
velocities and pressures are determined in terms of the nondi-
mensional radial distance R that is a ratio of the radial dis-
tance r to the sphere radius ¢ and the azimuthal angle 6.

Ignoring the inertial effect, the internal flow is governed by
the Stokes equations of motion that may be expressed by the
following fourth-order differential equation:

5 =0 (1)
where & is a differential operator defined as

62 2 62
6R2+ R2 aa o = cos 6 2)

and V¥, is the nondimensional stream function such that

S 3y, U = s 3y,
"R 3a b J1- 2 RAR

In Eq. (3), S is the speed ratio (S = #e/Chie), Cne being the
most probable molecular speed of the external gas (or the
‘““thermal speed’’), and the subscript / indicates the internal
flow.

For the external flowfield around the sphere, macroscopic
flow properties such as the flow velocity, the pressure, and the
number density will vary significantly for a distance apart in
the order of a few mean free paths. The conventional fluid
dynamic equations fail to describe the flow and the kinetic
theory analysis will be required to solve the Boltzmann equa-
tion. Owing to the complexity of the collision term contained
in the Boltzmann equation, it is difficult to solve it directly. At
present, we employ the Bhatnagar et al.! and Welander?
(BGKW) model that is derived as a relaxation model of the
collision term. Since the perturbation of the macroscopic flow
properties is small for the flow under consideration, we lin-
earize the BGKW model equation in terms of the nondimen-
sional perturbation of these quantities. Using the spherical
coordinate system in the six-dimensional phase space (R, §, ¢;
Er, Hp, Eg), the linearized BGKW model equation may be
written in the following form?:

UR,' = (3)

KA® + & = 2(ExUg + EolUp) + N + (E2 = 3/2)0

B2 =E% + Ep+ B} )

where U(Ug, Uy, 0) and E(Eg, Ey, Z,) are the flow velocity
and the molecular velocity, respectively, nondimensionalized
with respect to C,,, and the subscripts R, 6, and ¢, respec-
tively, denote the components in the direction of radial dis-
tance, azimuthal angle, and longitudinal angle. The flow ve-
locity component U, is set equal to zero for axisymmetry as
mentioned previously. The symbol A is a differential operator
defined as

PO LI S/
TERAR T TR da ““’Ra"
+<':'2;"_._':' ':'> 9
=S l—az faly -7} aE
H<~ Ly > 2 )
AT TS o) ROE
and KX is the Knudsen number defined here as
Aoo
K=— ®6)
a

where A\, is the molecular mean free path.
The quantity ® in Eq. (4) is the nondimensional perturba-
tion distribution function such that
ci.
(1 +®)F,=—"=F1,
n

=3

Fo=n%exp(=E) ()

where fis the molecular distribution function and » the num-
ber density. The other nondimensional quantities that ap-
peared in Eq. (4) are defined as follows:

N=L"Tl= (8)
N
T-T,
o= 8b
7. (8b)
p=L"P>_nNio (8c)
Poo

where T and p are the temperature and the pressure, respectively.
The macroscopic properties N, U, and P(or O) are to be
determined by the following integrals:

N = [S ‘@FO d (9a)
U= ‘ ‘jEQFO d= (9b)
P =§ ‘ ”E%FO d= (9
where
d= = dEg dE, dZ, 1o

and the integrals are carried over all molecular velocity ranges
(- °°<ER, Eo, E¢<°°).

Multiplying both sides of Eq. (4) by 1, =, and “2E? and
integrating over all of the molecular velocity ranges yields
Maxwell’s transport equations, i.e., the conservation equa-
tions of mass, momentum, and energy, respectively, in the
nondimensional form.

The boundary conditions are given as follows:

1) At the center of the sphere (R = 0), the flow velocity
remains finite, i.e.,

— o< Upg;, Uy <o an
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Fig.2 Variation of sphere drag with viscosity ratio.

2) At the surface of the sphere (R = 1): a) The molecules
are assumed to reflect completely diffusely with the tempera-
ture equal to that of the uniform flow of the gas, which may
be described by the Maxwellian distribution function in the
nondimensional form:

=%, =N, + 25,Uy for Er>0 (12)
where the subscript w denotes the surface condition. b) It is
assumed that there is no net mass flux, i.e.,

UR=SSSER4’R=1FO dE—_—O (13)

¢) The continuity of the shear stress holds between the liquid
and the gas:

rt — Hill o Vl‘az 32‘11;
ErEe®Pr 1 FodE= —— -—
SSS RA§PR=14"0 Zp,,a[ R2 30

1 e} ov;
- R — 14
v1—-—o?2 OR <R23R>:|R=1 (14

3) Atinfinity (R — o0), the external flow asymptotically ap-
proaches the undisturbed uniform flow condition that may be
expressed as

(Ur, Up) = S(at, - N1~ o) )

To solve the external flow, we divide it into two flow re-
gions, i.e., the asymptotic region, where the variation of the
flow is gradual with respect to the mean free path and the flow
is essentially governed by the hydrodynamic equations, and
the Knudsen layer region in the immediate vicinity of the
sphere surface, where the flow properties vary significantly
with respect to the mean free path. The solution for each
region is obtained using the matched asymptotic expansion
method.

In the asymptotic region, KA® in Eq. (4) is of higher order
than the remaining terms. Thus, the nondimensional distribu-
tion function ® may be expanded? in terms of K, which will be
retained here to the order of K. Substituting ® thus obtained
into Maxwell’s transport equations for momentum previously
mentioned gives rise to the Stokes equations of motion that
may be written in terms of the nondimensional stream func-
tion ¥ as

¥ =0 (16)
Solving Egs. (1) and (16) together with the boundary condi-

tions, Eqgs. (11) and (15), yields the stream functions ¥ and ¥;
written as

1 3 A+2B+2G
Y=o |R2- (- 2R
2[ <2 2 )

+<1+‘i—+*23 +2C"> Ll - oy 17
2 2 RV F (172)

¥; = C(R* - RH(1 - ) (17b)

where A, B, and C; are the integral constants. The constants A
and B are of ©(K) and may be expanded into series in terms of
K as

A=KA, +K?A4, +--- (18a)
B=KB +K*B, + - (18b)
where 4y, By, . . ., are numerical values related to the discon-
tinuity of the flow velocity components Ug and Uy, respec-
tively, at the surface and will be determined by means of the
kinetic theory analysis. On the other hand, the constant C;

indicates the liquid flow at the surface and can be evaluated
from the continuity of shear stress, Eq. (14), which is reduced to

3
SXSERE@RﬂFO dE=-2-'y SKCN1 - o? 19
where v is the viscosity ratio given by

y=H (20)
u

The properties, Uz, Uy, P, ©, and N in the asymptotic field
are then determined as

2B + 2C;\1
UR:S[I_(z_/_l;+_G>_

2 2 R
1 A-2B-20)\1
e 21
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N =
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2 2 R?

To analyze the Knudsen layer region, we define a Knudsen
variable D such that

R=1+KD, 0<D=0Q1) (22)
Then Eq. (4) may be rewritten as

5 0%
“R oD

K 9% 3®
+ NT= B, =+ (B + B —
1+KD[ oo 5o T Fot Ee) 5o

.,.( A S 7>E~7<:~ +L>£]

Ni—2 ¢ T aE, T\F T Vi- 2/ 05,
3

=2(ERUR +EaU9) + N + <EZ_5)9 (23)

Replacing R in the asymptotic solutions, Eqgs. (21a-21e), by
Eq. (22) and expanding them for small values of XD results in
those written in terms of the Knudsen variable D. We also
expand the nondimensional distribution function & in Eq. (23),
where we retain terms of order up to K.

The constants A (or A,;, A,,...) and C; appearing in
Egs. (21) can now be determined from the surface conditions,
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Eqgs. (13) and (19), respectively. To the order of terms to be
retained here, they are found to be

A =0 (24a)
N S 24b
T2+ ) (240)

Using the asymptotic solutions thus obtained and the sur-
face condition, Eq. (12), as the boundary conditions for
D —oo and at D = 0, respectively, the differential equation,
Eq. (23), is now integrated to obtain the nondimensional
distribution function ®. It is then introduced into the inte-
grals, Egs. (9), to determine the flow properties N, U, and P
(or ©), where we expand them into a series of functions,
J.(D),(n=1,2,3,...), defined as

]

x" exp( —x2- ﬁ) dx 25)

Jn(D) = E D

0

All of the coefficients contained in the flow properties may be
determined numerically by applying the moment method,?
i.e., multiplying both sides of Eqgs. (9) by Di(/ =0, 1, 2,...)
and integrating them with respect to D from D = 0 to o gives
rise to simultaneous linear equations for those constants.

Drag of a Liquid Sphere

As a final solution, the drag of a liquid sphere is determined
by integrating the momentum flux® over the entire sphere
surface and found to be

2
D= DS<1 - § C - 3 KBI> (26)

where D; is the conventional Stokes drag given by
D = 6mpua 27)

Figure 2 shows dependence of the drag ratio D /D, on v with
K as a parameter. In this figure, increasing values of v indicate
that effects of the internal circulation decrease and that the
flow behavior essentially approaches that for a solid sphere. In
the case of K = 0, which implies the continuum flow, the drag
ratio is somewhat smaller than unity for small values of ~,
suggesting the effect of the internal circulation. The drag ratio
then approaches unity as the value of vy increases. For other
values of K, the rarefaction of the external flow effectively
diminishes the drag ratio, which is interpreted as the effect of
the velocity slip at the sphere surface. This rarefaction effect is
more pronounced for larger values of v as indicated in the case
of K =0.7.

Conclusions

The kinetic theory analysis was carried out to investigate the
slow flow of rarefied gas past a liquid spherical drop. The
linearized BGKW model of the Boltzmann equation was em-
ployed to solve the flow outside the sphere, and the analysis
was extended to the first order of the Knudsen number. The
circulating internal flow of liquid within the sphere was also
analyzed. As a result, it was found that the significant internal
circulation would occur when the viscosity of the external gas
and that of the internal liquid are comparable to each other in
magnitude. This results in reduction of the sphere drag from
the conventional Stokes drag. The rarefaction of the external
flow also has a decreasing effect on the drag by the order of
the Knudsen number, which is greater for larger values of the
viscosity ratio between the internal liquid and the external gas.
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Comparison of Chemical Kinetic Rate
Mechanisms for High-Temperature
Air, Including Electronic Energy
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Introduction

HE purpose of this work is to examine and compare the

behavior of several chemical kinetic models in high-tem-
perature air that are currently popular for modern high-tem-
perature flowfield analyses and also to examine the effect of
simultaneously assuming a finite equilibrium electronic en-
ergy. For this investigation a sample gas dynamic model is
used, namely, the inviscid, nonequilibrium chemically reacting
flowfield downstream of a normal shock wave in air. This
flow is calculated using both the Dunn and Kang and the Park
kinetic mechanisms. Local thermodynamic equilibrium is as-
sumed in all calculations. Comparisons are made between
results obtained from both models along with results obtained
from a hybrid model that applies Gupta’s curve fits for the
equilibrium constants of the reactions. Calculations are per-
formed with and without the inclusion of equilibrium elec-
tronic energy as part of the mixture enthalpy. Results show
that, although the different kinetic models tend toward the
same equilibrium condition far downstream, the rates of
chemical relaxation can vary widely between models. Also, the
addition of the electronic encrgy is shown to produce only
small changes in the flowfield properties and species mass
fractions.

Contents

Over the past several years there has been much interest in
the design of high Mach number, high-altitude vehicles such as
the aeroassisted space transfer vehicle (ASTV). Under these
conditions, it is likely that the flowfield will be in local chem-
ical and thermal nonequilibrium and that a significant portion
of the heat transfer will come from radiative nonequilibrium.!
Since these nonequilibrium processes affect the performance
of the vehicle, it is important that they be investigated and that
the extent to which they dominate the flowfield be known.
Thus, many recent studies have focused on the computation of
such flowfields around complex geometries. Although these
studies are necessary and valuable, the complexity of the phys-
ical processes and numerical solution introduce much uncer-
tainty. The processes of molecular transport, chemical kinet-
ics, and radiative heating must be sufficiently understood and
modeled. In addition, numerical issues such as grid conver-
gence and temporal accuracy must also be considered. More-
over, because of the amount of computer time required, these
studies are generally performed at only a few design points in
the vehicle trajectory.
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